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This paper considws the question of utilization of the method of ex- 
pansion in series by powers for the solution of systems of ordinary differ- 
ential equations. The fundamental principles are expounded for the program- 
ming of actions with series. 
application of ‘ I  specialized program for actions with series during the solu 
tion of certain problems by means of a computer. 

The possibilities are discussed of practical 

* 
* * 

1. Solution of a System of Ordinary Differentiel Equations 
by the Method of Expansion in Power Series 

When resolving systems of ordinary differential equations one often uti- 
lizes also the method of expansion of the functions sought for in power series 
of which the coefficients are determined from systems of algebraic equations. 
The series obtained constitute the solution of a systez of Biffei-entia: equa- 
t ions within the smallest series convergence interval. The difficulties with 
which the determination of coefficients is beset at great powers of the inde- 
pendent variable are a shortcoming of the given method; this, however, is ap- 
pnrcntly tlw only possibility of finding a numerical solution. Thus, expanding 
the rimction searched for in series by powers, one may seek the solution in the 
neighborhood of singular points of some form, while this can not be done at 
niunerical integration by steps. 

Let 3 system be given of ordinary nonlicear differential equations, con- 
sisting of - k equations of first order: 

I;, (3, U I ,  . * , yh, PI’, . . . , $4 = 0, 

I : k [ Z ,  y1, . . . 1 y&, gt’, . . . , yk’] = 0. 
. . . . . . . . . . . . . .  

* per request. 



2. 

T t should lie noted that the principles of programming described in this paper 
arc a l so  applicable to equations of higher order; however, the author hesitates 
in formulating the condition o€  applicability of these principles to be imposed 
on the system of equations. 

Lct 11s rcprcsent the functions sought for in the ncighborhood of the 
p o i n t  xu i n  the form of series with yet indeterminate coeffkients (method 
of indeterminate coefficients): 

We shall substitute (2) into (lj and group the terms with identical powers , 
(x - xo): 

Fio + Fit (t - 2 0 )  + ... + F t n  (Z - 2 0 )  . + .. .  a 0, 

?he ol>taiiicd systcm of identities is idempotent to the system of alge- 
braic equations 

Ffo =.F,, = ... = . F * ,  = . . .  = 0, 

FhO =FA, = .. .  = F h n  = . . .  = 0. 
. . . . . . . . . . . . .  

In the following we shall consider only those systems (1)in which upon 
the indicated transformations Fin depend only on y- , where s ZG n , 1  4 i ,  
j < k (a fairly broad class of systems of equations sa?isfy the last condition). 
In  this case we may break down the infinite system of algebraic equations into 
a set of systems by k equations in each one, and subsequently find coefficients 
of still greater ordinal number: 

F!&J, .... yh,] = ... ='FkO[y!oi . . . .  y.nm] = 0, (302 
Fll[!/lOv.- * 9 VkO,  Vllr  . * .  9 brk11 = * * * = Fh1[61iO, - 9 U A O .  6111, . - * ,  ghl) = 0. ( 3 ' )  

. . . . . . . . . . . . . . . . . . . . . . .  
F t n [ v i o , . .  .. YAO, ~ i i ,  ... , p h i ,  ... , uln, . . .  ykn]  = . . .  = F h n [ V j o ,  ... 

, . . ,  U A O ,  1/41? . . .  , ! / k l r  . . . .  ! / I H *  . . . .  !/knj = 0, (3") 
. . . . . . . . . . . . . . . . . . . . . . .  

In the interval of series convergence the solution of the system (3) is idem- 
potent to the solution of system (1). 

If  the point x, is not singular, system ( 3 ' )  is a system of identities and 
If the point xo y i o  , where I < i < k, must be assigned as initial conditions. 

is singular (we have in mirid a singular point in the neighborhood of which 
the solution may he expanded in series along certain exclusive directions), 
at lcast part of equations of system (3") is not fulfilled identically. 
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In this c;lsc some of the coeff ic ients  yiG a r e  given a s  i n i t i a l  conditions,  
thc r e r u i n i n g  ones being determined from ( 3 0 ) .  
soc f f i c i en t s  of the  s e r i e s  a r e  found from t h e  corresponding systems of equa- 
t i o n s ,  whereupon it is ind i f fe ren t  whether o r  not the point x o  is s ingular .  

As ;i nile, Eqs.(3i) ,  where i > 1, a r c  l i nea r  r e l a t i v e  t o  y i j ,  where 

The l a s t  condition is not e s s e n t i a l .  

Beginning with ( 3 1 ) ,  the  

I < j < k. 
w i t h  such systems. 
r i l l e d ,  a l l  thc following 
where i -, 1. 

111 order t o  f a c i l i t a t e  the expounding we s h a l l  precisely deal 

is va l id  beginning with a c e r t a i n  system ( j i ) ,  
I f  it is not fu l -  

Thc t r ans i t i on  from the system (1) of d i f f e r e n t i a l  equations t o  the 
system 1.3) of a lgebraic  equations i s  extremely cumbersome. A t  g rea t  i the  
ana ly t i ca l  expressions f o r  the coef f ic ien ts  y i -  a r e  very complex, and only 
f o r  c e r t a i n  pa r t i cu la r  cases one may succeed id finding recurrent dependences 
f a c i l  i t a t i ng  the  computation of t h e  coe f f i c i en t s .  The contemporary computing 
technology o f fe r s  u s  new p o s s i b i l i t i e s  f o r  the  so lu t ion  of systems of d i f f e r -  
e n t i a l  equations. Quick-response computers may not only conduct calculat ions 
according t o  before-hand programmed formulas, but a l s o  assume the task of 
coiiiposiiig the formulas and the computation c i r c u i t s .  

A s c r i c s  of rintional as w e l l  a s  foreign works have been devoted t o  the 
conclust ing of m:ilyt icnl  calculat ions with the a i d  of e lec t ronic  computers. 
Wc sli:111 note,  i i i  p a r t i c u l a r ,  the work [l]., devoted t o  the working out of 
layout syiib01 i c s  . 

2.  Rcpresentation of Ser ies  i n  the S to rageof the  .I_ Computer 

Wc sha l l  bring f o r t h  the  l i s t  of operations required f o r  the solut ion 

1) representat ion of  the so lu t ion  sought f o r  i n  the  form of 
of thc  systcm (1) of d i f f e r e n t i a l  equations by the method of expansion i n  
power serics: 
serics w i t h  unknom coe f f i c i en t s ;  
tem of d i f f e r e n t i a l  equations and performance of a l l  ac t ions  foreseen by the 
lef t -hand p a r t s ;  3 )  gr~i-lplng of te3,s with identical pmers  [x - xoj and 
oht:iining the system of algebraic  equations; 
a lgchraic  equations, determination of the coe f f i c i en t s .  

2) subs t i t u t ion  of the series in to  the sys- 

4) so lu t ion  of the system of 

Thc cocr f ic icn ts  y i - ,  where 1 < i < k, are found i n  sequence: f i r s t  yil , 

To 
thcn y i ,  and  so fo r th  (WE consider that  y i o  a r e  determined). Assume t h a t  a l l  
the  y i  e' a rc  known Tor 0 < j < ( t ~  - I ) .  
tha t  d f e c t  tlicrc is no requirement of re ta in ing  during act ions with t fe  s e r i e s  
of tcniis w i t h  powers (x - xo) greater  than m. Each ac t ion  with s e r i e s  should 
IT attcndcci I,y group ng t h c  terms wi th  idenFica1 powers (x - xo)  , i. e.  2) and 
.?) must lw . f u lP i l l ed  simultaneously. As a r e s u l t  of the operations performed 
a l l  liqs. (.3J), whcre ) < j < (rrt  - I ) ,  will be s a t i s f i e d  iden t i ca l ly ,  while (3") 
wil l  Iw representing the systclii of a lebraic  l i n e a r  equations f o r  the determi- 

We are required t o  determine y i  . 

XI t i 011 0 f Y i m .  
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IVc shall mi t e  the functions yi[x] sought fo r  i n  the form of polynomials: 

~ i [ ~ l  = U I O + Y ~ ~ ( S - Z O )  + ...+ ~ l ( r n - t ) ( 5 - - o ) " ~ - ~ + y i r n ( s - - O ) " ' ,  

! / / I  1x1 =, Y I ~ O  + I / / ~ I  (5 - ZO) + - . + u/t(m-t\ (3  - xo) m-' + yqm (Z - ~ o ) m ;  

. . . . . . . . . . . . . . . . . . . . . .  (4) 

hcrc y i -  a r c  known f o r  j c (m - l ) ,  and y i  
polynomials (upon grouping and reject ing t!e powers (x - xo) > m) we obtain 
each time ce r t a in  intermediate polynomials of m-th power: 

(5) 

are unknown. During actions with 

A, , , [ t ]  = 1 1 0  + A,(s . 3 0 )  + .. .  +Am-& . IO)m--l+ + (Am0 f ~ i i i l ~ l i n  f * . - + Aiiih!/hm) (z - 5 0 ) m ,  

whc.~-c' . to ,  111, .... .'ipn-l, l ~ r l l ~ ,  ft,,,, .... n n l h  3 r C  knolm <and Yim, .... blkm a re  Unknown. 
s:iaLt rc'prcscnt the polynomials & , , [XI  i n  the storage of the computer i n  the 
fonn 01' ;I scqucnce of codes: 

we 

1.1 = A ~ I , .  . [a  f k - I] = Am,, [a + I C ]  = A,, ( 6 )  
[ a  + k + 11 = Ai ,  . ., [a  + k + m - 11 = AM-', [U  + k + m] = Am01 

[ a + k + n z + 1 ]  =0, ...,[ a + k + U ]  = O .  

IIcrc bl i s  thc maximum power (x - xo),  t o  which w e  wish t o  l i m i t  ourselves. 
I:or the  functions yi(X) searched f o r  the sequence of  codes has the form 

lhlJ = o  [ h , + i - I ]  = 1 ,..., [bl+li--l] =0 ,  . . . . .  (7) 

( I ) ,  - t  h.1 .. ! / l o ,  .+- li -1- 11 = ! / t i , .  . . .  [ / > a  + /< + frl - g ]  = ui(m-t), 

[ b, -1- x. 4 111) = 0, [ h i  + li + I l l  -/- I] = 0,. ... [ h i  + IC + ill] = 0. 
Upon completion of a l l  t h e  operations 2)  and 3 ) ,  we shall obtain the 

scquence of codes f o r  the lef t -hand par t  of the system of Eqs.  (I): 

.. ... .  .. IC,] (8)  /',,PI,, [ C i  f ti 11 = Ptttth, [ c i  I ; ]  = I.'{O = 0, 

[ C i  + I; + 11 = I?, ,  = 0, .... [ C i  + li -1- I t 1  .. 13 = Fi(rn-1) E 0. 
IC, + /i + j f t  J = I'irnO, [ c i  + IC 4- 111 + 11 = 0, .... [ C i  + k + MI = 0. 

3cros !-<> :::: i;; 4-1.- c,,c Iocatisiis (ci + k j  to (Ci + k + m - I), while i n  the 
locations fro111 (ci)  t o  ( c i  + k - 11 and 
cocff ic imts of l incar  a lgebraic  equations: 

( c i  + k + m) there  are formed the  

Ilpon solut ion o r  system (9) 
Suhscqiicnt Ly , a1 1 the  opcrnt ions a r e  repeated fo r  the  polynomials of (m + 1) - t h  
powcr: we f'ind y i (m + 1) a r d  so Forth. 

yim a r e  dispatched i n t o  locations (b i  + k + m). 

3 .  Siwcial i x c l  Prncr'aln fo r  Action with Series  

'I'hc s tuping (8) consists of  sequent in1  operations over polynomials of 
in-th power; thc r'csult o f  each operation is a l so  a polynomial of  m-th power of 
( x  - x 1 ,  which appears i n  thc contputcr storage in  thc form of sequcncc of 
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Iwrc - r is ;I c o n s t m t  nunber, p is a whole number, p >- 1. 

A spccial  1)lock is programmed for each of these 13 operations,  which 
fu lC i l l s  the gij.cw stanclard operation. 
red infoniwtion is fed t o  i t :  the nuflber of equations k ,  the  power m of poly- 
nomial s ,  the start tiddresscs of code sequences f o r  polynomials ( A , , z , > ,  (&,), 
(Clll,>, the  acldress r f o r  the  block 3),  t he  number E f o r  t he  block 4 ) .  

Let LIS pause b r i e f ly  on pr inciples  of block construction. 
1) - 6 )  a rc  formed elementarily and call for  no comments. 
systcriis which transform t o  the  form ( 3 ) ,  the  d i f f e ren t i a t ion  is always attended 
hy mult ipl icat ion by (x - xo) and hence t h e  spec i f ica t ion  of operation 6 ) .  

I n  thc remaining hlocks we are required t o  find the function of the  s e r i e s ,  
t h n t  i s , a conq'lex funct ions Prom the indepcndcnt va r i :ih 1 c 4 = @ t v [SI I ; 

When manupulating the block, the  requi- 

- 

The blocks 
Note only tha t  i n  
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‘Thc functions V have a cumbersome character ,  and because of t h e i r  form 
the recurrent re la t ions ,  p rac t ica l  fo r  programmings, could not be obtained. 

When programming blocks ‘1 - l l) ,  ‘another approach was u t i l i zed .  F i r s t  
wc s h a l l  expand 4 i n  series by v i n  the neighborhood of vo , which is the 
v;iIue of v for x = xo:  

‘i’hc\ ~f;iiiics o f  for the functions of s i n  v ,  cos v,  ev, In v,  arc s i n  v 
\vcrc conipiitetl by simple formulas o r  by recurring l i nks ,  p rac t ica l  f o r  the pro- 
g raming ;  (v - v n )  i s  0 well known ser ies  of v[x] without f r ee  term: 

s/dv” 

1 7  -- cg = V ~ ( X  - ~ e )  +.  . . + U n ( 5 - - 0 ) “  + * e .  

When fonning (v - v I n ,  the block 5 ) .  
0 

‘Ilie Iilocks 7) - 11) consis t  of two pa r t s .  In  the first p a r t ,  d i f f e ren t  
for the various blocks, we compute the der ivat ives  dn / d p .  
p a r t ,  conmion fo r  the blocks 7) - ll),  actions are  performed by formula ( lo ) ,  
the terms with ident ical  powers (x - xo) are grouped and the  powers (x - xo) 
grea ter  than in clrc rejected.  

In  the second 

The blocks 1 2 ) ,  13) a re  formed as combinations of blocks described e a r l i e r  
and the  computations a re  conducted by the well known trigonometric formulas 

sin u U 
t g v = -  , arctgv = arcsin -. 

cos v 11 + u2 
13csiclcs thc standard blocks 1) - 13),  the decipherable and tuning sub- 

programis must bc include in  the specialized program. 
g r m  ;illows LIS t o  organize the conversion t o  standard blocks with the a i d  of 
oiic coclc ( for thrcx-codc computers), containing a par t  of the required infor -  
in:1 t ion : thc in it ia1 ;iddresses of sequences of polynomi a1 codes and the number 
01’ thc st;uidard block (and also for the block 3j and E f o r  the biock 4 j ) .  
‘Ihe rcwiintler of the rcquircd information, common for  a l l  blocks, t ha t  is ,  the 
niunlwr of equations, &, thc power o€  polynomials, 
the coef f ic ien ts  being computed) is communicated t o  standard blocks by the 
timing sul~-progrm. I t  is necessary t o  foresee i n  the basic (operational) 
~~rogr;uii thc solution of the system of l i nea r  algebraic equations (9) and the  
si i l>sti tution of the coef f ic ien ts  found into ( 7 ) .  

The decipherable sub-pro- 

(or the ordinal number of 

‘l’hc opc>rat ional program fo r  the solut ion of the ordinary d i f f e r e n t i a l  
ecliiait ions by the method of  expcinsion in  power series ( i n  the prcsence i n  
coinpiitcr storage of thc spccial  ized progr‘m for  act ion with scries) is  in  
it?; t; i :e’ not larger  than the standard operational program for t h e  numerical in  
tc’ r:it i on  o f  the ~ ~ c r ~ ~  ~ ; U I I C  systcni of d i f f c ren t in l  equations by s teps .  When 
c-oiiipos i ng the opcr;it ionail progrm, one must w r i  tc on 1 y t h c  transformation codes 
to  st:ind;ircl hlochs, forcs L‘ the ttxnsfonnations t o  dec ipliering, tuning sub- 
~ ~ I X ~ ~ I - ; I I I I ~ ;  ;inJ t o  the prograin for thc solution of the  system of algebraic equa- 
t ions, oi-gniiizing thc cycle Iy in. - As a result, the computer determines 
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the numerical values of the coefficients for the series sought for of any 
ordinal number m (the programmer not writing formulas for yim). - 

4 .  Utilization of the Specialized Program for the Solution of 
Certain Problems. 

The author composed a specialized program for the electronic computer. 

The 

It was utilized during the solution of a system of two differential equations 
of second order of a rather cumbersome form (see [ 2 ] ) .  
system of equations had a singularity, namely, a fixed singular point. 
expressions for the second derivatives as x + 0 represented an uncertainty of 
the fonn o(x2)/o(x2). The numerical integration of such a system by steps in 
the neighborhood of the point x = 0 is impossible. The solution of this sys- 
tem in the neighborhood of a singular point o < z 5 zi. was obtained with the 
aid of a specialized program for actions with series. 
system was resolved by the Adams method. 

At x = xo = 0, the 

For x > x1 the same 

The expansion of the solution in converging power series is also possible 
in the neighborhood of mobile singular points of a certain form along the so-  
called exclusive directions detennined by the character of the singularity. 

In some boimdary value problems ( to which, for example, is reduced the 
solution of gas dynamics problem of supersonic flow past a blunt body by in- 
tegration methods, see [3])  the condition at the second mobile end is the 
passage of the integral curve through a singular point (saddle type). 
condition may be fulfilled by assorting a certain parameter given at the first 
end at solution of the Cauchy problem. 
rialized as a result of sticking the numerical solution of the Cauchy problem 
at a certain distance from the singular point with the expansion of the solution 
in series in the neighborhood of the singular point. This”stjckjng together“ 
is a rather delicate operation, for if we dispose of a rather small number of 
terms of the series, the sticking will have to be carried out in ‘Lhe direct 
neighborhood of the singular point, where significant errors may occur during 
the numerical integration by steps. 

us to dispose of a sufficient number of terms of series, so that such a ‘‘stick- 
ing together’’ may be conducted at a significant distance from the singular 
point, where the numerical integration by steps is sufficiently 2recise. 

The specialized program may be also utilized during the compilation of 
tables for certain special functions constituting power series. Obviously, 
substitution of variables must be made beforehand in the equation, allowing us 
to separate the singularity from the solution. (For example, for the Bessel 
equation ~2y”+xy’-I- (z* - p ) y  = 0 such a substitution will be y = xPu). 

This 

The selection of the parameter is mate- 

The utilization of a specialized program for actions with series allows 

In conclusion the author expresses his gratitude to M. D. Ladyzhenskiy 
for useful discussions concerned with the application of a specialized pro-’ 
gram for concrete problems. 

*** T H E E N D *** 
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ADDENDUM 

After the manuscript has been sent t o  p r i n t e r ,  the  author took cogni- 
z;iiicc of t h e  work [ 4 ] ,  where a program is worked out fo r  the ana ly t ica l  d i f -  
I'crcnti;ition of elementary functions,  and on i ts  hasis  *he problem i s  resolved 
of series construction for  finding the solut ion of 3 s ingle  d i f f e ren t i a l  equa- 
t inn ~-cso lvc~l  r e h t  ive  t o  the senior der iva t ive .  

IispoiiiiJcd i n  the prcwmt work are the pr inc ip les  of programming a method 
d 

01' iiitlctcniiiIiatc coc-rfic ieiits Tor systems of ordinary nonlinear d i f f e r e n t i a l  
cclci;it ions o f  the typc, wlic~i  the coef f ic ien ts  of series, beginning from a ce r t a in  
Iiuiilwr-, a r c  clctermincd from systems of 1 inear algebraic equations. 
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